We estimate Majorana CP phases for a given flavor neutrino mass matrix (Mν) consistent with the bi-pair neutrino mixing, which is recently proposed to describe neutrino mixings given by sin θ13 = 0 for the reactor neutrino mixing, sin 2 θ12 = 1 − 1/ √ 2 for the solar neutrino mixing and either sin 2 θ23 = tan 2 θ12 or sin 2 θ23 = 1 − tan 2 θ12 for the atmospheric neutrino mixing. Sizes of Majorana CP phases are evaluated so as to generate the observed baryon asymmetry in the universe via a leptogenesis scenario within the framework of the minimal seesaw model, where Mν satisfies det(Mν ) = 0 and one active Majorana CP phase (φ) is present. Assuming the normal mass hierarchy for light neutrinos and one zero texture for a 3 × 2 Dirac neutrino mass matrix, we find that φ lies in the region of 0.69 |φ| 0.92 [rad], which is converted into allowed regions of α = arg(Meµ) and β = arg(Meτ ), where Mij (i, j=e, µ, τ ) denote the i-j matrix element of Mν. The phases α and β turn out to satisfy 0.31 |α| 0.40 [rad] and −1.25 β −0.32 [rad]. The approximate numerical equality of |φ| ≈ 2|α| is consistent with our theoretical estimation of φ = φ2 − φ3 for φ2 = −(α + β) and φ3 ≈ α − β valid for the normal mass hierarchy. We also find the following scaling property: 
I. INTRODUCTION
Experimental and theoretical studies of neutrino mixings have revealed various properties of neutrinos. The results from the atmospheric [1] , solar [2] , reactor [3, 4] and accelerator [5] neutrino oscillation experiments have provided us with robust evidence that neutrinos have tiny masses and their flavor states are mixed with each other [6] . The squared mass differences of solar and atmospheric neutrinos, respectively, defined by ∆m 
The flavor mixing angles θ 12 , θ 23 and θ 13 are obtained as 
where θ 12 , θ 23 and θ 13 stand for solar neutrino mixing angle, atmospheric neutrino mixing angle and reactor neutrino mixing angle, respectively. These mixing angles describe the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix U P MN S [8] that converts mass eigenstates of neutrinos into flavor neutrinos. * Electronic address: teruyuki@keyaki.cc.u-tokai.ac.jp † Electronic address: yasue@keyaki.cc.u-tokai.ac.jp
One of the important and unsolved problem in neutrino physics is to understand CP properties of neutrinos. There are two sources of CP violations arising from Dirac CP phase and Majorana CP phase [9] . For three flavor neutrinos, CP violation is induced by one Dirac CP phase and two Majorana CP phases. Since Dirac CP violation involves the factor sin θ 13 , no CP violation is induced by Dirac CP phase if sin θ 13 = 0. The current experimental data Eq.(2) are consistent with sin θ 13 = 0. The latest data of sin θ 13 reported by T2K collaboration [10] seem to suggest that sin θ 13 = 0 at 90 % C.L, namely, 0.03(0.04) < sin 2 2θ 13 < 0. 28(0.34) for normal (inverted) mass hierarchy, giving sin 2 θ 13 0.0075. The MINOS Collaboration has also reported to disfavor sin θ 13 = 0 [11] . Since these indications are not statistically sufficient, to get the definite confirmation of sin θ 13 = 0 needs more data samples. Theoretically, it is useful to construct a model giving sin θ 13 = 0, which can be regarded as a reference point to discuss effects of sin θ 13 = 0.
If sin θ 13 = 0, Dirac CP phase is irrelevant. The remaining Majorana CP phases completely disappear from the oscillation probabilities and cannot be measured by quite familiar oscillation experiments [12] . Although Majorana CP phases can enter in processes of neutrinoless double beta decay, the detection of Majorana CP violation has not been succeeded [13] . On the other hand, in the leptogenesis scenario [14] , the baryon-photon ratio in the universe (η B ) is generated if Majorana CP phases exist and sizes of Majorana CP phases can be evaluated such that the observed ratio by WMAP collaboration [15] is reproduced. There are theoretical discussions that predict sin θ 13 = 0 [16] [17] [18] [19] [20] . We have recently proposed a bi-pair neutrino mixing scheme [21] that also predicts sin θ 13 = 0 as well as sin 2 θ 12 = 1 − 1/ √ 2 and either sin 2 θ 23 = tan 2 θ 12 (referred to the case 1) or sin 2 θ 23 = 1 − tan 2 θ 12 (referred to the case 2). In this paper, we would like to estimate sizes of phases of flavor neutrino masses associated with the bi-pair neutrino mixing. To do so, we rely upon the seesaw mechanism [22] to calculate η B . Since η B depends on Majorana phases, to find constraints on phases of flavor neutrino masses, we have to derive direct relations between Majorana phases and phases of flavor neutrino masses. It is convenient to adopt the minimal seesaw model [23, 24] , where the number of physical phases associated with the seesaw mechanism are equal to that of CP phases of the flavor neutrino sector. This paper is organized as follows. In the next section, we show a brief introduction to the bi-pair neutrino mixing and we also show phase structure of flavor neutrino masses leading to the bi-pair neutrino mixing. The direct relationship between Majorana phases and phases of flavor neutrino masses are derived. In section III, we give an outline of the minimal seesaw model and leptogenesis. We perform numerical calculations to show the allowed region of Majorana phases and of phases of flavor neutrino masses. The last section is devoted to summary and discussions.
II. BI-PAIR NEUTRINO MIXING
It is a good approximation that the reactor neutrino mixing angle is exactly zero [4] . In this case, the PMNS matrix U P MN S given by the Particle Data Group [25] to be U P MN S = U P DG 0 P P DG : 
where c ij = cos θ ij , s ij = sin θ ij (i, j = 1, 2, 3) and φ 1,2 denote Majorana phases.
A. Texture
The bi-pair neutrino mixing U BP is determined by a mixing matrix U P DG 0 with two pairs of identical magnitudes of matrix elements. There are two possibilities of the bi-pair texture [21] , both of which predict sin 2 θ 12 = 1 − 1/ √ 2(∼ 0.293). Case 1: The first possibility shows
These relations in turn provide useful relationship among the atmospheric neutrino mixing and the solar neutrino mixing as
The bi-pair neutrino mixing in the case 1 is parameterized by only one mixing angle θ 12 : 
where t ij = tan θ ij (i, j = 1, 2, 3). Numerically, the mixing angles are predicted to be:
The bi-pair neutrino mixing well describes the observed solar neutrino mixing (0.288 ≤ sin 2 θ 12 ≤ 0.326); however, the atmospheric neutrino mixing is slightly inconsistent with the 1σ data (0.44 ≤ sin 2 θ 23 ≤ 0.57). It is expected that additional contribution to the atmospheric neutrino mixing angle is produced by the charged lepton correction if a non-diagonal matrix element of charged lepton mass matrix only arises from a µ-τ mixing mass so that θ 23 can be shifted to the 1σ region without affecting the value of θ 12,13 .
Case 2: The second possibility shows
The atmospheric neutrino mixing is related to the solar neutrino mixing as
The bi-pair neutrino mixing in the case 2 is parameterized by 
Numerically, the mixing angles are predicted to be: (11) Same as in the case 1, the atmospheric neutrino mixing is slightly inconsistent with the 1σ data.
B. General discussion on phase structure
One may wonder what kind of flavor structure of a neutrino mass matrix M ν is associated with the bi-pair neutrino mixing. To find phase structure of M ν for the bipair neutrino mixing, we start our discussion with most general form of the PMNS mixing matrix U P MN S = U 0 P with 
and
where γ, δ, ρ denote three Dirac phases and ϕ 1 , ϕ 2 , ϕ 3 denote three Majorana phases [26] .
The phases γ and ρ in U 0 are redundant and we can remove these phases by the redefinition of flavor neutrinos resulting from the phase ambiguities present in charged leptons. This redefinition can be express by a rotation matrix R which has three phases θ e , θ µ and θ τ :
After redundant phases are removed from U P MN S , the mixing matrix becomes
and accordingly the 3 × 3 symmetric flavor neutrino mass matrix
is shifted as follows:
For example, to obtain the Particle Data Group's form of the mixing matrix, we take θ e = −ρ, θ µ = −γ and θ τ = γ, which give R for the PDG version, R P DG :
We, then, find the PDG version of U 0 , U 
and the PDG version of P , P ′P DG :
where
After appropriate redefinition of Majorana phases, Eq.(3) turns out to be:
The flavor neutrino mass matrix Eq. (16) is shifted to
C. Phase structure in the bi-pair neutrino mixing
For any type of neutrino mixings that give sin θ 13 = 0, it can be argued that Eq. (16) becomes the following mass matrix [27] :
with
The neutrino masses m 1 , m 2 , m 3 defined by
are calculated to be
The mixing angle θ 12 is given by tan 2θ 12 = 2e iξ c −1
From Eq. (25), we obtain M P DG ν
Furthermore, by using (31) to eliminate e 2iγ M µµ , we find the following flavor structure:
For the bi-pair mixing scheme, the mixing angles in Eq.(33) are fixed to be tan
vanishes as in the minimal seesaw model to be discussed in the next section.
Let us consider neutrinos exhibiting m 1 = 0, which corresponds to the normal mass hierarchy. Since there is the phase ambiguity in the charged lepton sector, we can choose three phases associated with flavor neutrino masses to be any values. One may assign a specific value to M µτ to be consistent with m 1 = 0 and take M ee and M µµ to be real. Accordingly, Eqs. (32), (26), (29) and (31) turn out to be
tan 2θ 12 = 2e iξ c −1
where the sign of M ee is taken care of by κ e = ±1 for −π/2 ≤ 2ρ ≤ π/2. From m 1 = 0 in Eq.(36), we find ξ = 2ρ leading to
We then find that, from (37), M µτ is given by
The phase of M µτ should be adjusted to satisfy Eq.(39). The neutrino masses turn out to be:
The Majorana phase φ 2 is simply given by
The phase β − α can also be calculated from the equivalent relation of
The
For the rest of paper, we use φ:
to denote Majorana CP phase
For the bi-pair neutrino mixing, the flavor neutrino mass matrix Eq.(33) is converted to be
where (A, B) = (c 12 , 1) for the case 1 while (A, B) = (1, c 12 ) for the case 2. It should be mentioned that the mass matrix M P DG ν | m1=0 θ13=0 exhibits the following scaling property:
where M ′ ij (i, j=e, µ, τ ) stand for the matrix elements of M P DG ν as in Eq. (24) .
III. LEPTOGENESIS
In this section, first, we give an outline of the minimal seesaw model and leptogenesis, then, we show the allowed region of Majorana phases from a numerical calculation.
A. Minimal seesaw model
In the minimal seesaw model [23] , we introduce two heavy neutrinos N 1 and N 2 into the standard model. We obtain a symmetric 3 × 3 light neutrino mass matrix by the relation of
where m D is a 3 × 2 Dirac neutrino mass matrix and M R is a 2 × 2 heavy neutrino mass matrix. We assume that the mass matrix of the heavy neutrinos as well as of the charged leptons is diagonal and real. For the heavy neutrinos, M R takes the form of 
where one zero texture is assumed and the light neutrino mass matrix is obtained from M
whose phase structure is determined by Eq.(24), which is described by Eq.(45). The condition Eq.(26) giving sin θ 13 = 0 now reads
The mass matrix Eq. (49) 
due to det(M P DG ν ) = 0, where σ 1,3 = ±1 [24, 28] and the sign of σ 1 σ 3 can be calculated. Similarly, other solutions with a 1 or 3 = 0 or b 1,2 or 3 = 0 can be obtained.
According to the condition of det(M P DG ν ) = 0, at least one of the neutrino mass eigenvalues (m 1 , m 2 , m 3 ) must be zero [23] .
We obtain the two types of hierarchical neutrino mass spectrum in the minimal seesaw model.
One is the normal mass hierarchy (m 1 , m 2 , m 3 ) = 0, ∆m 2 ⊙ , ∆m 2 atm and the other is the inverted mass hierarchy (m 1 , m 2 , m 3 ) = −∆m 2 atm , ∆m 2 ⊙ − ∆m 2 atm , 0 . The matrix elements of m D can be reconstructed in terms of two mixing angles θ 12, 23 , two neutrino masses m 2,3 , one CP phase φ and two heavy neutrino masses M 1,2 .
B. Leptogenesis
In the leptogenesis scenario , the baryon-photon ratio is obtained from the baryon asymmetry Y B = (n B − n B )/s as
where s is entropy density in the universe. Via the sphaleron process, this baryon asymmetry is related to the lepton asymmetry Y L :
where N is the number of generation of fermions and m is the number of Higgs doublets. In the particle contents of the standard model, we have
The lepton asymmetry Y L is parameterized by three terms as
where d, ǫ and g * are generally called the dilution factor, CP-asymmetry parameter and effective number of the relativistic degree of freedom, respectively. We use the following estimates:
1. The dilution factor d should be determined by solving the Boltzmann equation. In the present analyses, however, we use the good analytical approximation proposed by Nielsen and Takanishi [29] :
with the Plank mass M pl ≃ 1.22×10 19 GeV and the vacuum expectation value of the Higgs field v ≃ 174 GeV.
2. The CP-asymmetry ǫ is generated by the decay processes of the heavy neutrinos. If we assume a hierarchical mass spectrum of the heavy neutrinos M 1 ≪ M 2 , the interactions of N 1 can be in thermal equilibrium when N 2 decays and the asymmetry caused by the N 2 decay is washed out by the lepton number violating processes with N 1 . Thus, only the decays of N 1 are relevant to the generation of the final lepton asymmetry. In this case, the CP-asymmetry parameter is calculated to be [14] 
where the function f (x) is given by
3. The effective number of the relativistic degree of freedom g * is calculated as [30] 
where T is thermal equilibrium temperature of the universe, T i and g i are temperature and number of internal degrees of freedom of the relativistic particle species i. For T ≥ 300 GeV, all the species in the standard model are relativistic and we have g * ≃ 106.75.
We note that, in the case of M 1 ≪ M 2 , the baryonphoton ratio η B is nearly proportional to the mass of heavy neutrino M 1 [28] . This M 1 dependence to η B can be understand by the following rough estimation.
Sinceǫ is independent of M 1 , ǫ is nearly proportional to the mass of the heavy neutrino M 1 .
C. Numerical analysis
Assumptions: We have performed the numerical calculation with the following assumptions: 1. The light neutrino mass spectrum is the normal mass hierarchy. 3. The heavy neutrino masses M 1,2 lie between electroweak scale ∼ 10 2 GeV and GUT scale ∼ 10
∆m

15
GeV. We take M 1 = 5 × 10 10 (≪ M 2 ) GeV. In order to ensure the thermal leptogenesis to be the source of the baryon asymmetry in the universe, the reheating temperature after inflation must have been greater than the mass scale of the lightest heavy Majorana neutrino [31] . Hence the lower bound on the reheating temperature must be greater than ∼ 10 10 GeV. However, this high reheating temperature is not suitable for supersymmetric (SUSY) theories because it may lead to an overproduction of light supersymmetric particles, such a gravitino after inflation [32] . We are not considering this 5. All the particle species in the standard model were relativistic when the leptonic CP-asymmetry was generated by the decay process of the lightest heavy neutrino N 1 . However, N 1 was heavy enough to be non-relativistic itself. We take g * = 106.75.
6. We use η B = (6.2 ± 0.15) × 10 −10 as the upper and lower bound of the baryon-photon ratio from the WMAP observation [15] .
Predictions:
Our results are summarized in five figures FIG.1 ∼ FIG.5 . Basically, since the case with a 2 = 0 (b 2 = 0) is identical to the case with a 3 = 0 (b 2 = 0) if the µ-τ symmetry is exact in M P DG ν . The experimental results are consistent with the approximate µ-τ symmetry and we expect that our predictions based on a 2 = 0 (b 2 = 0) are quite similar to those based on a 3 = 0 (b 3 = 0) . We discuss implications from these figures in the followings: (FIG.2) . From FIG.1 , we observe that Majorana CP phase φ lies in the following regions:
for the case of a 2 = 0, and
for the case of a 3 = 0, where 0 ≤ φ ≤ π/2. The differences between the cases of a 2 = 0 and of a 3 = 0 are not so large (less than 10%). On the other hand, FIG.2 shows too small η B and no consistent 
for the case of a 3 = 0. Depicted in FIG.5 is the direct relation of α and β, where the range of β is restricted to the allowed region. From these figures, we observe that
The allowed regions of the phase α vs the phase β indicated by two narrow bands for a2 = 0 (upper figure) and a3 = 0 (lower figure) in the case 1 (sin 2 θ23 = tan 2 θ12) of the bi-pair neutrino mixing.
• α, the phase of M eµ , satisfies 0.31 |α| 0.40
[rad],
• β, the phase of M eτ , lies in the broad range of −1.25 ∼ −0.32 [rad].
Case 2:
This case corresponds to the bi-pair neutrino mixing with sin 2 θ 23 = 1 − tan 2 θ 12 . The predictions of η B for a 2 = 0 (a 3 = 0) are reproduced by plots for a 3 = 0 (a 2 = 0) in the case 1. This correspondence can be understand by the following way: The Dirac matrix elements for the case 2 (a 
for a 2 = 0. As a result, a 1 b * 1 + a 2 b * 2 + a 3 b * 3 and |a 1 | 2 + |a 2 | 2 + |a 3 | 2 to calculate ǫ for a 2 = 0 in the case 2 are same as those for a 3 = 0 in the case 1. Therefore, η B for a 2 = 0 in the case 2 is equal to η B for a 3 = 0 in the case 1. Similarly for a 3 = 0 in the case 2.
IV. SUMMARY AND DISCUSSIONS
We have discussed Majorana CP violation in the recently proposed bi-pair neutrino mixing scheme that predicts sin θ 13 = 0 as well as tan 2 2θ 12 = 2( √ 2 − 1) with either tan 2 θ 23 = 1/ √ 2 (the case 1) or tan 2 θ 23 = √ 2 (the case 2). Within the minimal seesaw model, where m 1 = 0 is chosen, we have found that the Majorana CP phase φ is constrained to be:
for the case of a 3 = 0, in order to reproduce the observed WMAP baryon-photon ratio. The theoretical study on the flavor structure of the mass matrix giving sin θ 13 = 0 further reveals that two Majorana phases φ 2.3 are estimated to be:
where φ = φ 2 − φ 3 ≈ −2α. The phases α and β, respectively, specify the phases of M eµ and M eτ for a given neutrino masses M ij . We have estimated that The relation Eq. (69) 
subject to the condition m 
